In this second paper, the philosophy of coupling multiconfigurational variational wave functions to perturbation treatments (MC/P methodology) is extended to the calculation of electronic spectra. The corresponding methodology is presented with emphasis on its flexibility and an overview of other available approaches is given. The contracted MC/P scheme is then applied to ethylene H2C=CH 2, formaldehyde H2C=O and vinylidene H2C=C. It is shown that combining well-designed averaged zeroth-order MCSCF wave functions to a barycentric M¢ller-Plesset (BMP) partition of the electronic Hamiltonian provides accurate spectra, contrary to Epstein-Nesbet partitions. The MC/BMP transition energies compare with experimental data within a few hundreds of cm-i. These results have been obtained using a polarized double-zeta quality basis set augmented by a set of semi-diffuse functions (6-31 + G * ) and by an extra set of aiffuse orbitals to account for Rydberg states. Since non-dynamic correlation effects that are important for a proper description of the manifold of the excited states of interest are included in the MCSCF zeroth-order space while all remaining correlation effects (non-dynamic and dynamic) are treated at the perturbation level, the present study lets anticipate applications of the MC/P methodology to medium size systems without much computational trouble.
Introduction

Pure variation or perturbation approaches
Despite continuous efforts over many decades, the determination of accurate wave functions and energies for excited states of polyatomic systems remains a challenging problem to quantum chemistry. As * Corresponding author. E-mail: parisel@vega.ens.fr. quoted out by McWeeny and Pickup as soon as in 1980 [1] , new theories are still required but are not enough: aiming at the "chemical accuracy" from the viewpoint of ab initio quantum chemistry also requires a highly efficient computational implementation of new formalisms and algorithms. Although carefully designed implementations of various codes and developments in parallel computational chemistry allow now for calculations that were unrealistic even a few years ago, the evaluation of correlation energies and the determination of highly correlated wave functions, that are both necessary to properly 0301-0104/96/$15.00 © 1996 Elsevier Science B.V. All rights reserved SSDI 0301-0 i 04(95)00430-0 describe excited states or potential energy surfaces, remains in most cases a tremendous task which can hardly be performed routinely and rigorously for large systems when one aims to quantitative results.
At the present day, configuration interactions (CI), that will be widely discussed in the forthcoming parts of this contribution, and the many-body perturbation theory (MBPT) approaches are the most widely used methods to deal with the correlation problem from the computational chemistry point of view (for the corresponding detailed formalisms and philosophies, see, for example, Ref.
[2] and references therein). CI or MPBT approaches are not, however, the only methodologies available to treat those phenomena that need consideration of the molecular electronic correlation. At this point, one should mention the coupled cluster (CC) treatments, either as formulated in Refs. [3] [4] [5] [6] [7] [8] or in the equation of motion approach (for a recent application, see Ref.
[9] and references therein for details). As an other technique is the density functional theory (DFT) whose applications to excited states are beginning to be investigated (see, for example, Refs. [10, 11] and references therein). Both these methodologies benefit from an increasing interest for accurate studies on excited states but, though very promising, they have not yet however reached the widespread recognition of the CI and MBPT methods.
Coming back to the perturbation methodologies, it is worth noting that the MBPT approach based on an HF-SCF (Hartree-Fock self-consistent field) singlereference taking RHF (restricted Hartree-Fock) or UHF (unrestricted Hartree-Fock) orbitals has been particularly developed, at various order of perturbation n, leading to the widespread MPn or UMPn treatments when a M~ller-Plesset (MP) partition of the electronic Hamiltonian is considered. If the full configuration interaction (FCI) wave function is known, it is even possible to obtain the perturbation energy of a molecular system at any order of perturbation [12] . The implementation of MBPT approaches in the Rayleigh-SchrSdinger-M~ller-Plesset formulation in various codes and the large distribution of some of them make the MPn theories an easy way to include correlation effects in the calculations. Such approaches benefit from a wide number of applications that proved reliable when applied to relevant problems.
It is however too often forgotten that the usual single-reference MBPT is relevant only for structures that are already well-described by a single determinant: a second-order perturbation treatment on a closed-shell molecule using HF orbitals and the SCF determinant as zeroth-order wave function will be relevant only if this function dominates the exact wave function of the system [13] . It follows that using standard MPn approaches for the determination of potential energy surfaces (PES) which invoke distorted geometries, breakings of chemical bonds or state crossings, or for the description of molecules involving holes in their valence shells (as transition metal complexes for example) should be considered with an extreme critical mind. This point is even more crucial for excited states where appropriate perturbative excitonic treatments are necessary as shown in pioneering works [14] [15] [16] [17] [18] . Moreover, there is no method currently and widely available to perform efficient MPn calculations on open-shell systems described by a spin-clean single ROHF determinant (restricted open Hartree-Fock) although this problem has been intensely reconsidered in the last years [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . To our knowledge, these methods have not been applied to a wide enough series of problems at the present day so that it is difficult to judge their capabilities. Due to the lack of easy open-shell perturbation theories based on a ROHF single determinant, UHF orbitals instead are used when dealing with unpaired electrons, which sometimes leads to the well-known drawbacks of a spin contamination fluctuating between excited states or along a PES (for an extreme example, see Ref. [33] ). Poor convergence [34, 35] and even dramatic failures have been found [36] [37] [38] [39] either in the energetics or in the molecular properties. The advantages of MPn perturbation treatments are however clear from both the theoretical and computational points of view. For example, size consistency is ensured, analytical gradients and Hessians are available, parallelization of the codes is easy to implement.
Most of the previous advantages are lost in the variational CI approaches: getting upper-bound energies has to be paid for and despite numerous and ingenious implementations using a large variety of algorithms, large-scale CI are not easily tractable. The cost-effectiveness argument leads either to carefully design ad hoc CI spaces or to arbitrary truncate the FCI space in order to accommodate the storage limitations of modem computers. The single-reference SDCI (singles and doubles configuration interaction) approach is an example of such a truncation which is known to give an unbalanced description of the correlation energy between the ground and excited states [40] and thus unable to predict reliable transition energies. Even the inclusion of tri-and quadri-excited configuration state functions (CSF) in the so-called SDTQ-CI calculations appears to be insufficient, especially as soon as the single reference does not dominate the exact wave function by a large margin. The lack of size consistency in such truncated one-reference CIs ([41] and references therein) is also a well-known inconvenient. The partition of the correlation effects in non-dynamic and dynamic contributions [42, 43] was however a major improvement that first led to the multiconfigurational approach (MCSCF) and then to complete active space SCF (CASSCF) treatmen~ of non-dynamic correlation effects [2] , wLie d,mamic contributions have been reached using multi-reference CI (MRCI) [44, 45] . In any case, a careful choice of the configurations included in the multiconfiguration MCSCF space has to be made in order to avoid both the inflation of the forthcoming MRCI expansions and the lack of some potentially important configurations needed for a proper description of the phenomenon under investigation. But even carefully truncated variational spaces or carefully selected reference CSFs in MRCI calculations also may lead to deceptive results when dealing with excited states in which correlation effects, both non-dynamic and dynamic, are of essential importance and not always easily predictable from the pure chemical viewpoint.
It is seen that neither the MBPT nor the CI approaches are the panacea: variational methods suffer from computational restrictions, and single-reference perturbation schemes usually suffer from the intrinsic poor quality of the reference zeroth-order wave function.
Coupling variation and perturbation treatments
The idea of coupling variational and perturbation methods is nowadays gaining wider and wider acceptance in the quantum chemistry community. The background philosophy is to realize the best blend of a well-defined theoretical plateau provided by the application of the variational principle with the computational efficiency of the perturbation techniques [8, 20, 26, 27, 30, 31, [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] : in that sense, the aim of these approaches is to improve a limited variational multi-reference wave function by a perturbation treatment. It is however deceptive that, apart from a few outstanding exceptions, most of the quoted approaches were only devoted to academic benchmark applications at the present day.
One of these exception is now more than 20 years old and led to the so-called CIPSI (configuration interaction by perturbation with multiconfigurational zeroth-order wave function selected iteratively) method whose basic idea is to progressively include the most important correlation terms in the variational space to be improved by a forthcoming second-order perturbation treatment [46, [65] [66] [67] . The selection of the configurations to be included in the variational zeroth-order space is made according to a user-fixed numerical threshold based either on the contribution of these terms to the perturbed wave function, as in the original CL 31 approaches, or on their energetic contribution to the total energy [50, 68] . The pitfalls to avoid when using such iterative algorithms are now well-established: in particular, extreme caution must be taken to ensure an homogeneous treatment of correlation energies along a reaction path or between excited states. Furthermore, such an iterative determination of the zeroth-order space leads to the admixture of contributions accounting for non-dynamic correlation in the variational part but also for contributions describing dynamic correlation as well: the chemical interpretation of the zeroth-order wave function is thus at least partially lost and distinguishing between non-dynamic and dynamic effects is difficult.
To our knowledge, the CIPSI methodology, which has been recently reviewed in Ref. [64] , has however been the first widely used multi-reference perturbation theory, and the first to be applied to a large variety of problems of physical chemistry that spread from the pioneering works on H 2 [46] to chemisorption cluster model calculations [69] which, for the first time, applied a complete zeroth-order space to a non-academic benchmark. It was also applied to the determination of accurate potential energy surfaces (for a recent example, see Ref. [70] ), spin-orbit couplings in the ab initio scheme [71] or zero-field splitting parameters in a semi-empirical framework [72] . It was furthermore recently extended to semiempirical electronic Hamiltonians (PPP or CS/ INDO), using zeroth-order spaces designed to deal with the optical spectra of large conjugated systems or related ions [73] [74] [75] [76] [77] [78] .
Another attractive approach which has been proposed as soon as 1981 [79] , has been widely developed and has now stood the test of time: the CASPT2 (complete active space second-order perturbation theory) method [53, 80] takes a CASSCF [2] ab initio wave function as reference for a MP-like perturbation. Several studies on various molecules or atoms have been performed with this method; the agreement between experimental and theoretical results for the electronic spectra is spectacular: the CASPT2 approach, with the use of atomic natural orbitals (ANO) basis sets, can be considered as the first general successful ab initio treatment of excited states, and applies to the treatment of potential energy surfaces as well (for a review of CASPT2 applications, see Refs. [81] [82] [83] and references therein). Improvements of the CASPT2 formalism by slightly modifying the partition of the zeroth-order Hamiltonian are in progress [81] but the slight inconvenient of CASPT2 remains that one has to built the zeroth-order wave functions as CASSCF wave functions: the formal completeness of the variational part of the CASPT2 methodology has then to be paid for by a large expansion of the variational zeroth-order references. As an example, a CAS space generated by 6 electrons in 6 active orbitals (for the benzene molecule C6H 6 for example) includes up to 12 excited CSFs relative to the closed-shell RHF determinants: such high-level excitations are usually of very limited importance on the behavior of the CASSCF wave function and will furthermore generate 14 excited terms in the forthcoming perturbation treatment, which will have so small contributions on the second-order energy that they could be neglected in the whole treatment without lost of confidence.
Parallel and independently, an analogous method known as GMPn (generalized Moller-Plesse0 was proposed [51, 52, 84, 85] that has not been applied to the determination of electronic spectra to our knowledge. It can be considered as equivalent to CASPT2 except in the choice of the configurations included in the perturbation: GMP2 applies the single and double excitation operators towards the external space on each configuration involved in the reference wave function while CASPT2 applies these operators on the reference wave function as a whole. It follows that CASPT2 requires a reorthogonalization of the perturbative space in order to avoid problems due to linear (or near-linear) dependences, giving slight complications in the perturbation treatment. Furthermore, as formulated in Refs. [53, 80] , the CASPT2 approach widely uses the facts that the zeroth-order space is complete and that the CASSCF orbitals used in the perturbation have been optimized relative to that space (either using several orbital sets for different electronic states or using one set of averaged orbitals for several electronic states of the same symmetry): as a consequence, the formulation is simplified by the application of the extended Brillouin theorem [86] which allows for the automatic exclusion, in the perturbation treatment, of all the singly-excited wave functions generated by the application of the single-excitation operators on the converged CASSCF reference wave function. It is however clear that CASPT2 could be generalized without difficulties to break itself of these resla~-tions.
Finally, the very recent method developed by Hirao et al. [26, 27, 54, 59 ], also appears very promising in view of the very good results obtained on the electronic spectrum of the benzene or ozone molecules [63, 87] : the formalism developed in the so-called MRMP approach is by far simpler than that needed in the CASPT2 approach and is closely related to that is used in our MC/P methodology as will be described below.
The fact that, in some cases, chemical accuracy was only obtained by using zeroth-order spaces larger than those supported by some "chemical intuition" [52, 53] , by extending the perturbation to the third order [51, 52] , or by involving some correction functions with no clear physical or chemical meaning [30] [31] [32] prompted us to investigate some aspects of the variation-perturbation coupling in more details (different perturbation schemes as well as different sets of correlated orbitals). The limitation we imposed to that study was to restrict the . ~eroth-order space to the only components assumed necessary to properly account for the chemistr_y of the problem under investigation [60] .
It is the aim of the present contribution to point out that it is possible to systematically remedy some of the previous drawbacks in the treatment of excited states. Following the conclusions of our previous investigations and the philosophy of our so-called MC/P method, we emphasize that the zeroth-order wave function has to be qualitatively correct and thus requires a variational treatment (MCSCF wave function) that accounts for non-dynamic effects.
In this spirit, the iterative construction of the zeroth-order space (as in the CIPSI methodology) is no longer relevant and the zeroth-order space is constructed once for all as a whole entity that inelude all the physical chemistry of the problem at hand, Furthermore, this space is carefully fractionated into a product of smaller MCSCF, CASSCF or GVB spaces in order to get free from the computational restrictions that appear when one has to use strict CASSCF spaces as reference: in our treatment, strict cempleteness is lost but chemical completeness is retained. Such a way, semi-quantitative results are obtained that are brought up to chemical accuracy by the inclusion of the remaining correlation effects (dynamic and remaining non-dynamic) through a forthcoming perturbation on the previously determined variational zeroth-order wave function.
The MC/P strategy developed along these lines allows thus to go beyond the MCSCF level and at the same time preserves a large flexibility either in the choice of the zeroth-order wave functions, zeroth-order Hamiltonians or in the choice of the orbitals. The present paper will report the philosophy adopted for the determination of accurate electronic spectra and will illustrate it on three small size molecules: C2H 4, H2CO and H2CC. Ethylene will be studied as a first academic benchmark, the excited states of formaldehyde will then be revisited. A final application will be given as the determination of the electronic spectrum of the vinylidene molecule.
Variational calculations were performed using the Alchemy II package [88] while the further perturbation calculations used the MC/P code developed in our group [60] .
In order to estimate the quality of our results, it will sometimes be referred to a "quadratic deviation". Given two sets of N data { x' i} and { x'/}, this quantity has been defined as
What we furthermore will call "dispersion" is
The only aim of such a use of statistics is to have an efficient way to compare our results either to experimental data or to other computed quantities: the simplest determination of the largest absolute error is by far a too crude criterium to test the reliability of any quantum chemistry strategy that aims at giving accurate results on a large range of energies.
The MC/P formalism and philosophy
The spectral decomposition of the Hamiltonian
Let S be the space spanned by a set of orthogonal CSFs (or, ultimately Slater determinants) referred to as I. Strategies for choosing S according to relevant chemical criteria will be developed in SectieJ~ 2.3.
Let [i > be a variational wave function, obtained through a CI calculation in the S space (using a given set of orthogonal orbitals) and using the exact electronic Hamiltonian H:
I~S
Hli> f ESli).
( 2) Let now P be the space e,f the Slater determinants J spanned by applying one-and two-electron excitation operators on each I included in S: P is thus spanned by singly and doubly excited Slater determinants relative to those spanning S. This way, orthogonality of any two K and L, each belonging either to S or to P, is ensured. Having S as a zeroth-czder variational space, and P as a perturbation space (which is unambiguously defined as generated from S), the second-order perturbation theory makes it, a priori, possible to obtain a corrected value E i for the zeroth-order E s as Owing to our choices for the S and P spaces, and the definition of the one-particle space employed to built the determinants on, all requirements are fulfilled which allows to express the first-and second-order corrections to the energy in their simplest forms according to the Rayleigh-Schr~dinger formulation of perturbation theory. Splitting H into a zeroth-order Hamiltonian H 0 and its perturbation part V, one gets E °= (iln°li>,
ej-e ° We point out that in the implementation used here, and contrary to the CASPT2 [53, 80] leS J~P This points out that H 0 is unambiguously defined by giving the energies El and E s respectively in the variational space S and in the perturbation space P. Furthermore, this Hamiltonian is diagonal: ( I [ H ° I J ) = 0 since ( I I J ) = 0. Such a formulation of H ° leads to the so-called "barycentric partitions", as will described in the following.
The partitions of the Hamiltonian
The barycentric M¢ller-Plesset partition (BMP) [891
In the M~ller-Plesset partition, the diagonal matrix elements of H 0 are defined as
where F should be a one-electron operator for the perturbation theory to be computationally efficient since in this case diagrammatic series and linked cluster theorem can be used [66] .
For a multi-reference zeroth-order wave function, Eq. (7) gives the zeroth-order energy E ° as a barycentric quantity:
I~S
If the reference wave function is a MCSCF wave function, then, the "natural" choice for F comes from the expression of the generalized Fock operators:
IX where f,, are the halves of the diagonal components of the one-electron density matrix, a,,g and b,,~, the energy coefficients and, finally, Jg and K~ the usual Coulomb and exchange operators. So doing, we lost some simplicity in the choice of the operator. It is however possible to define a one-electron operator very analogous to the more familiar closed-shell Fock operator [26, 60] :
(1])
J
In that case, F has to be seen as an effective operator (of Longuet-Higgins-type, for example, see Ref.
[90]) in which orbital occupancies are explicitly considered. It is clear that this operator is not diagonal in general, but it can be transformed to a diagonal form as shown in Ref. [26] . The occupation numbers can be chosen for each electronic state under investigation or can be given the values of the natural orbital occupation numbers provided by an averaged MCSCF calculation. More generally, given a set of orbitals, it is always possible to define a (non-local) one-electron operator having these orbitals and energies as eigenvectors and eigenvalues [91] . Such a possibility which amounts to extending relation (l l) will not be developed further here, but allows the use of various types of orbitals in the perturbations. Among others, the natural orbitals (NOs) of a multiconfigurational treatment are known to improve the recovering of the electronic correlation calculations [60, [92] [93] [94] . The variational spaces can moreover always be designed to remove any arbitrariness in the expansion of the zeroth-order wave function if expressed in terms of the corresponding NOs and CSFs. This approach, hereafter referred to as "barycentric Moller-Plesset" (BMP) perturbation theory is an extension of the usual MP single-reference approach and gives back the usual MP2 or UMP2 methods if RHF or UHF orbitals are used (all f~ -1 in both cases, which necessarily implies a single-reference approach). In the Epstein-Nesbet partition, H ° is taken as the diagonal part of the exact Hamiltonian in the S O P space, and V as its extra-diagonal part.
The barycentric
E r = (KIHIK) (g~ SorP).
(12) Eq. (9) still applies in getting the zeroth-order energy for l i).
Using the BMP or the BEN partitions in the determination of electronic spectra will be discussed in Sections 3.2 and 4.2.2.
Eigenvalue partitions
One may wonder whether it would not be simpler to put E°= E s (13) in the definition of the zeroth-order energy instead of Eq. (9). So doing an eigenvalue Moller-Plesset (EMP) partition is obtained when coupling Eq. (13) with Eq. (8) or an eigenvalue Epstein-Nesbet partition when coupled with Eq. (12). As shown in Refs. [46, 64] , both these approaches lead to unphysical behaviors of transition energies when dealing with the spectroscopy of one of the two A and B components of an intermolecular system A • • -B, where A and B do not interact.
Barycentric partitions are thus by far superior to eigenvalue ones. In this paper, however, EEN transition energies will also be reported as a numerical illustration of a theoretically established failure.
The intruder state problem
A state J whose energy Ej falls close to the zeroth-order energy E ° will have the second-order energy correction diverged, according to Eq. (6). Such intruder states are not uncommon when dealing with excited states or even with potential energy surfaces (for an extreme example, see Ref.
[99]). The probability of encountering intruder states in a multi-reference perturbation calculation increases with the S space. This is especially true with ',hose approaches that use complete valence spaces as S spaces: as the zeroth-order expansion grows, i.e. tb.e level of the excitations considered at the variational level increases, the energy gap between those excited states, described as eigenvectors of the S space, and those remaining determinants spanning the perturbation space P decreases. It is worth mentioning that such intruder states usually interact only weakly with the eigenvectors of S, either through H or V.
As discussed in Ref. [64] and in references therein, this problem is readily and confidently solved by applying a level shift (LS) on the denominator of Eq. (6): such a viewpoint has been used recently to extend the CASPT2 methodology to the so-called LSCAPT2 [ 100] .
The other strategy is to include these intruder states in the S space. Such an approach however is hazardous in perturbation treatments based on complete configuration spaces (full-valence CI spaces, for example): adding those orbitals and excitation levels needed to described the intruder states may result in an untractable increase of the zeroth-order configuration space (and at the same time strongly affects its chemical sense). When no formal completeness restriction is imposed for the multi-reference zeroth-order space, which is the case in the MC/P approach, the intruder states can be individually added to S.
Contracted and decontracted perturbations
If both li) and I j) are eigenvectors of H in the S space, then (ilHIj)= 0. Due to the formalism of the second-order perturbation theory in its simplest formulation, the second-order coupling between l i) and I j) induced by ttt~e perturbation determinant J are not taken into account, i.e. one neglects the possible role of energetic contributions such as y, (ilHIJ)(JIHIj) (14) e,-l[e°+e ° ] so that the perturbation is called "contracted" [64] . Such indirect couplings within the S space can be important when dealing with excited states that are strong admixtures of valence, Rydberg and ionic characters. The relative influence of the dynamic correlation on each of them (which is recovered in the perturbation) being different explains why some excited states are difficult to properly describe using a contracted multi-reference perturbation theory like CASPT2 or the present version of MC/P: a contracted perturbation can poorly describe the polarizations of the electronic densities induced by the second-order couplings in the S space. A (partially) decontracted scheme has to be used in those cases to improve transition energies: this can be done using the quasi-degenerate perturbation theory (QDPT) ( [64, 66, 67, 101] and references therein), for example. Such an improvement is currently under development in the MC/P approach and the results will be presented in a forthcoming contribution.
The "chemical" choice for the zeroth-order wave function
There is no general recipe to choose the "best" zeroth-order wave function. However, to avoid large variational expansions or to be sure not to miss some important effects by a too drastic truncation, it may be wise to keep some rules in mind in order to design, at least, a "good" zeroth-order wave function.
First of all, the wave function has to contain the necessary ingredients to properly describe the phenomenon under investigation: for example, when dealing with electronic spectra, it has to contain every CSFs needed for the qualitative description of the excited states. The zeroth-order wave function has then to include a number of monoexcitations from the ground state occupied orbitals to some virtual orbitals. In that sense, the choice of a single CI wave function (SCI) as proposed by Foresman et al. !"8, 56] in their CIS/MP2 treatment of electronic spectra represents the smallest zeroth-order space that can be considered.
However, the restriction of this space to monoexcited configurations wrongly sweeps away the complexity of excited state wave functions [40] and the CIS/MP2 is not able to provide reliable absolute transition energies and is not reliable even when simply dealing with the ordering of the excited states (see the dramatic example of the formaldehyde molecule in Section 4). In particular, such a truncated SCI space lacks all the CSFs that account for non-dynamic correlation effects (especially pair excitations) on the ground and excited states as well as any zeroth-order description of doubly excited states. These important contributions are poorly recovered by any subsequent second-order perturbation while being essential in the description of either electronic spectra or potential energy surfaces. In those cases, a wave function generated by a specific configuration interaction is necessary. The structure of the corresponding multiconfiguration reference space must however be carefully designed if one does not want to handle large expansions that might include useless CSFs. The "chemical" intuition can help in designing the most relevant CI space as will be shown below. In particular, CAS spaces which are often used to build zeroth-order wave functions before performing large-scale CI can be split into products of smaller CAS or GVB [ 102] spaces without loss of accuracy: the formal completeness of the treatment may sometimes be lost, but the saving in the computing time is always considerable. At all events, the Lewis structures are correctly represented so that "chemical completeness" is achieved.
It is furthermore logical to use a set of orbitals that is coherent with the design of the zeroth-order space: the natural orbitals issued from well-designed MCSCF treatments are unique and therefore attractive candidates for building the configurations necessary to the perturbation development.
Finally, in order to ensure an homogeneous treatment of all excited states at the variational level, the MCSCF calculation should be averaged over the states under investigation. The lowest eigenfunctions of the MCSCF Hamiltonian will provide the zerothorder wave functions to build the perturbation on. They account for the chemical aspect of the system by considering only those electrons expected to be responsible for the properties being studied. The zeroth-order level of wave function will thus provide a semi-quantitative answer.
Following these lines, it is clear that only part of the non-dynamic correlation effects involved in the description of the excited states will be included in the MCSCF treatment. The remaining effects that are considered of less essential importance will be recovered at the perturbation level as well as dynamic correlation effects. The perturbation will thus give the final quantitative answer.
It is now well-established that extended one-particle spaces have to be considered to describe diffuse excited states (Rydberg states for example), as well as for a proper account of dynamic correlation effects. As a consequence, it is legitimate to consider large basis set expansions if one aims at predicting accurate values of transition energies. However, the inclusion of high-momentum correlating orbitals to account for angular correlation or the consideration of high-zeta basis sets to account for radial correlation leads to such large expansions of the first-order perturbation correction to the variational zeroth-order initial wave function that such high-quality treatments for large molecular systems are unfortunately untractable. It is our opinion that using large basis sets requires even larger post-SCF treatments to be relevant, especially when dealing with excited states. One might expect, however, that using smaller, but well-balanced basis sets coupled to appropriate post-SCF treatments will result in a balanced description of the dynamic correlation effects. The forthcoming calculations, performed using a polarized double-zeta quality basis set, expanded by a first set of semi-diffuse functions and a second set of Rydberg atomic orbitals, will illustrate this point.
General philosophy and flexibility of the MC / P methodology
• any product of MCSCF spaces (chosen on chemical criteria or not), • any space formed by additions of individually selected CSFs to the precedent space (especially intruder states).
• Choice of the orbitais: • any set of orthogonal orbitals, • closely related to the zeroth-order space S or not.
• Zeroth-order Hamiltonian:
• barycentric or eigenvalue formulations.
• Active electrons or orbitals: • user-defined, at each of the variational and/or perturbation steps.
• Generating space for the perturbation: • any restriction of the S space, • the S space as a whole.
• Intruder states: • individual inclusion in the S space.
Ethylene
Ethylene C2H 4 has been intensely studied for many years, on both the experimental and theoretical points of view. A number of reviews of interesting results dealing with the electronic structures of the ground and excited states can be found in the literature [56, [103] [104] [105] .
As developed from the beginning of this contribution, the general philosophy of the MC/P methodology is to replace the strict completeness of the variational zeroth-order space, as used in CASPT2, by the chemical completeness together with maintaining a strict separation between non-dynamic (variational level) and dynamic (perturbation level) correlation effects.
So doing, an analysis of the electronic structure in terms of Lewis-localized orbitals is essential in order to discard from the zeroth-order space electronic excitations of poor impact for the properties under investigation.
The MC/P methodology has furthermore been implemented in such a way that a very attractive flexibility has been retained. * Choice of the zeroth-order space S:
Computational details
The geometry° reported in ReL [105]: CC = 1.339 A, CH ---1.086 A and LHCC = 117.6 °, in D2h point group, is used. The molecule is supposed to lie in the xy plane; the x axis corresponds to the C 2 axis, as in Fig. la .
The MCSCF and the following perturbation calculations were done using the standard 6-31 + G* basis set [106] expanded by a set of spd Rydberg functions. Exponents of this additional Gaussians were: 0.023, 0.021 and 0.015; the final corresponding basis set will be referred to as 6-31 + G * R.
The active space for C 2 H 4
The MCSCF calculations were performed within the CASSCF framework using the configuration space that includes all the spin and symmetry adapted CSFs arising from the electronic distributions presented in Table 1 . Only the "rr system of the molecule is considered at this zeroth-order level of wave function: all contributions originating from the core, the (rcc and trcr! electrons will be recovered at the perturbation level. Some of the Rydberg orbitals ("R"), which were selected by preliminary investigations, are explicitly included in the CASSCF space in order not to overcorrelate valence states relative to Rydberg states. The state averaging was done for a number of states of same space and spin symmetry as detailed in Table 1 . Except the difference in the choice of the basis set, the CASSCF wave functions are of same nature as those used for the recent CASPT2 treatment of ethylene [105] .
Results and discussion
The CASSCF and MC/P results are presented in Table 2 together with the CASPT2F [105] values, the CIS/MP2 results cited in Ref.
[8] and some available experimental data. It is immediately seen that the CASSCF, the MC/BEN and the MC/EEN levels of calculation fail to correctly reproduce the experimental spectrum. On the contrary, the MC/BMP calculation matches the experiment at least as closely as CASPT2.
One among the reasons why the CASSCF approach fails in reproducing the experimental spectrum probably comes from the lack of the tr skeleton in the CASSCF space: a better zeroth-order wave function would have the (rcc bond and its corre- sponding anti-bonding orbital included in the active space to account for the related nen-dynamic correlation effects. We note that all CASSCF transitions energies are smaller than experimental ones with the exception of an excellent match for the transition from the ground state to the 1 ~Bt. and 1 3Blu valence excited states.
The location of the 1 ~B~u state ~(Tr'tr*) is a case study in quantum chemistry and has been widely discussed (see references quoted in Ref.
[105]): it is now recognized that this so-called V state presents a strong mixture of valence and Rydberg character so that its !ocation will be very dependent on the methodology used to describe it. In a recent study [107] it was proved that the expectation (z 2 ) decreases with the size of MRCI expansions: as a consequence, it can be expected that CASSCF calculations will not be able to properly describe it and that the good match obtained in this work at this level of calculation might be fortuitous. Inspection of the CASSCF wave function shows however a weight of 74% for the ~(,rrrr *) CSF, which indicates a dominant valence character although strongly contaminated by Rydberg terms. Transitions to Rydberg states are uniformly underestimated by abaut 0.59 eV with a 0.23 eV dispersion. Since the averaged CASSCF wave functions are build using a CASSCF space that allows for the mixing of valence and Rydberg orbitals, we expect the valence states to be somewhat too diffuse while the Rydberg states are lowered in energy due to a coupling with the valence. Transition energies are thus anticipated to be too small for excited Rydberg states which is effectively observed.
When dynamic correlation effects are considered, it is seen (Table 2) that only the MC/BMP development provides accurate transition energies. We point out that the averaged increase in the transition energies when going from the CASSCF level of calculation to the MC/BMP approach is 0.60 eV with a small dispersion of 0.22 eV, which illustrates a well-balanced perturbation treatment. The deviation relative to the experimental values is only 0.13 eV on the whole excited state manifold, which is less than a CH stretching vibration. No larger discrepancy than 0.27 eV occurs, which means an error of less than 4% when reported to the corresponding transition energy. The dispersion is 0.08 eV. The CASPT2F method is directly comparable to the MC/BMP approach because of a very close partition of the electronic Hamiltonians in both theories: it gives a deviation of 0.13 eV, with no discrepancy larger than 0.40 eV, and a dispersion by 0. i0 eV. This largest deviation of 0.40 eV is observed for the I IBlu l('rr= * ) state and is reduced to 0.20 eV in our MC/BMP calculation: as discussed above, this state is a strong mixture of valence, ionic and Rydberg characters and would require the use of decontracted multi-reference perturbation to be more accurately accounted for. It is thus to be concluded that the excellent results given by the two methods rest on the combination of variational and perturbation treatments. Even if better absolute energies can be obtained for individual states by using larger atomic expansions, it is seen that a well-balanced basis set of moderate size is able to provide accurate energy differences. We note that, in the case of the ethylene molecule, CIS/MP2 gives a deviation of 0.19 eV for the singlet manifold: the largest discrepancy is 0.35 eV, which is in error by 4.9% when compared to the corresponding experimental value. The dispersion for this series of computed values is 0.12 eV. Contrary to the barycentric M¢iler-Plesset perturbation scheme that ensures an excellent agreement with the experimental results, the Epstein-Nesbet partitions fail to produce any accurate result: both overestimate the transition energies. Discrepancies are seen to be as high as 1.15 eV in the MC/EEN approach, while being slightly reduced to 0.91 eV at the MC/BEN level of calculation. Although the deviation from the experiments is by far larger using these two partitions than it was using a BMP partition (MC/EEN: 0.77 eV, MC/BEN: 0.55 eV, MC/BMP: 0.13 eV), it is interesting to point out that both of the former partitions present a small dispersion (MC/EEN: 0.19 eV, MC/BEN: 0.19 eV, MC/BMP: 0.08 eV), which means that these perturbation treatments still remain balanced between different states.
The behavior of the MC/EEN calculations, that show large discrepancies and deviations to experimental values, illustrates an aspect of the failure of EEN partitions to account for transition energies; it is the major reason why barycentric partitions were initially introduced [46] . Table 3 reports the shifts between the MC/EEN and MC/BEN transition energies with respect to the computed MC/BMP corresponding values. It is seen that, for a given partition, these shifts are almost insensitive to the transition considered. They average at 0.81 eV for the EEN partition and at 0.54 eV in the case of the BEN partition with respective dispersions of 0.16 and 0.10 eV. Applying these shifts on the computed transition energies in order to get corrected Epstein-Nesbet energies leads to values that closely match the MC/BMP values and the experimental values, as seen in the last columns of Table 3 . The corrected deviation and dispersion are As a consequence, the whole spectrum is shifted toward larger energies, relative to the MC/BMP spectrum, as seen in Table 2 . The previous calculations unambiguously show that the MC/BMP/6-31 + G * R level of calculation is relevant for the determination of the transition energies in the ethylene molecule, contrary to uncorrected MC/BEN or MC/EEN approaches. It reproduces the experimental data as well as the high-level CASPT2F/ANO calculation. The results given by the CIS/MP2 method are found to be of similar accuracy. We point out that any of the perturbation treatment reported in Table 2 and Table 3 provides two quasi-degenerate states about the experimental feature at 7.79 eV that might in fact be a superposition of two different excited states (13Big , 13BEg). reduced to 0.19 and 0.10 eV for both the EpsteinNesbet partitions.
The fact that the discrepancies between the M¢ller-Plesset and the Epstein-Nesbet values remain constant when going from one state to another points out that the Epstein-Nesbet perturbation still ensure a balanced description of excited states. The origin of these shifts can be explained remembering that the Epstein-Nesbet partitions involve, at the second-order of perturbation, some terms that would appear only at higher orders in the M¢ller-Plesset approach [46, 98, 108] . Inspection of absolute energies shows that all states are overcorrelated using EN partitions relative to the BMP partition. As an example, the CASSCF energy of the X lag ground state is lowered by 7.47 eV in the BMP calculation, while being lowered by 9.03 and 9.30 eV respectively when using the EEN and BEN partitions. The supplementary correlation recovered for the ground state when going from MC/BMP to MC/EEN is then 1.56 eV; it is 1.83 eV when going to MC/BEN. If we now consider an excited state, the 1 ~B~u for example, the supplementary correlation relative to the MC/BMP absolute energy is found to be 0.85
Formaldehyde
A number of experimental and theoretical studies were performed on the carbonyl group [109] [110] [111] [112] following the pioneering work of Burawoy [ 113] . A complete survey is beyond the scope of this paper (for early works see Refs. [114] [115] [116] ). We will only mention a few of them that we consider of particular importauce for a comprehensive coveragc of the electronic spectrum of formaldehyde for both the theoretical and experimental points of view. Recently, Chutjian recorded the electron impact excitation spectrum of formaldehyde [117, 118] and reported transition energies that are taken as reference values in many other works. So are the experimental values compiled by Robin [119] and Brint et al. [120] , the latter pointing out a number of well-defined Rydberg series, of special importance for theoretical benchmarks.
On the theoretical hand, calculations have been performed as soon as in the 1950s [104, 114] since formaldehyde represents the smallest member of the carbonyl series. References to early works are avail-able in the compilation by Davidson and McMurchie [121] and in Refs. [104, [114] [115] [116] . Of particular interest for a comprehensive assignment of the experimental transitions are the very fine and accurate calculations by Harding and Goddard using their GVB-CI method [118, 122] , as well as the very recent work by Hachey et al. [123] who included up to f orbitals in a MRCI devoted to the vertical excitation energies: their results are in excellent agreement with experimental data but their method is however unlikely to be extended to larger system owing to obvious computational limitations. EOM-CC methodology also has been used [9] , but the study was restricted to singlet states: the agreement with experimental data is however fairly good for the lower states. Finally, 5 excited states have been determined using the MROPT methodologies developed in Davidson's group [30] , whose transition energies are in good agreement with experiment if using the MROPT1 scheme, but dramatically inaccurate using the MROPT2 approach.
Computational details
The MP2/6-311 + + G * * C2v geometry [56] was used for HECO in the [3resent calculations (CO = 1.2122 ,~, CH = 1.1044 A, HCO-121.94°). It is very close to the experimental geometry [124] . The molecule is supposed to lie in the yz plane; the z axis corresponds to the C 2 axis, as in Fig. lb .
The MCSCF and the subsequent perturbations were done using the standard 6-31 + G * basis set [106] expanded by a set of spd Rydberg functions. Exponents of this additional Gaussians were: 0.032 and 0.028 for the s and p shells of the oxygen atom, and 0.023 and 0.021 for the carbon atom. For the d functions, a common value of 0.015 was chosen for both heavy atoms. The final corresponding basis set will be referred to as 6-31 + G * Re
The active space for H2CO
The configuration space used in the calculation is presented in Table 4 . Orbitals are distributed into several sets, and ordered by symmetry. They are denoted in terms of localized orbitals in order to emphasize their "chemical" meaning: Table 4 presents the various distributions of the correlated electrons into these sets, with "R" standing for Rydberg orbitals or Rydberg states. For the description of the vertical spectrum of H2CO, it is necessary to account for "tr ~ xr *, n xr *, -tr ~ R and n ~ R transitions, so that the MC-SCF space has been built as a product of smaller MCSCF spaces as follows:
class A: Two electrons in the (rr rr *) set describing both the ground state and the excited -rr---> rr * states using a CAS space.
class B: Three electrons in the (rr'rr*) set and only one in the (n) set describing the excited n -~ xr * states using a MCSCF space (in fact a CASSCF space due to symmetry restriction).
class C: One electron in the (rr'rr ~ ) set and one in the (R) set describing the excited "tr ~ R states using a MCSCF space.
class D: One electron in the (n) set and one in the (R) set describing the excited n-~ R states using a MCSCF space.
We emphasize that the Rydberg states are included in the variational MCSCF treatment to avoid a possible undercorrelation relative to the valence states. However, in order to maintain a balanced treatment between the valence and the Rydberg states, only single excitations to the R set were allowed. Contrary to the calculation on the ethylene molecule that considered only selected Rydberg orbitals in the variational space, all Rydberg orbitals were included in the space presented in Table 4 . Furthermore, it is seen that all the previous distributions are coupled to diexcitations from the trco to the O'c* o orbital: that way, we account for the non-dynamic repolarization of the polar trco bond in a GVB-like approach and for the coupling between the rrco and trco dipoles as well.
Finally, we also account for an explicit relaxation of both lone pairs of H2CO by the inclusion of corresponding correlating orbitals [125] and treat them at a GVB-like level so that these lone pairs are now treated at the same non-dynamical correlation level as the bonding electron pairs considered in the variational calculation In fact, all attempts to reproduce the experimental values without these correlating orbitals considered in the active space failed.
The final space spanned by these distributions can then roughly be seen as a product of CAS, GVB and MCSCF spaces. It accounts for all effects ~upposed to be essential to get a good zeroth-order description of the ground and the excited valence and Rydberg states. Part of the dynamic correlation of the 8 electrons included in this variational treatment will be recovered, in the ground state and in the excited states, with the perturbation; so will the correlation energy arising from the core and from the trCH remaining electrons. The perturbation will also account for any coupling not explicitly included in the distributions presented in Table 4 . The state averaging included the number of states reported in Tables  5-8 .
Results and discussion
CASSCF and MC / BMP transition energies
The CASSCF and MC/BMP transition energies from the ground state to the lowest 60 vertical excited states considered in this study are reported in Table 5 (30 singlets) and in Table 7 (30 triplets) where they are compared to the available experimental results and to some previous theoretical calculations [56, 118, 122, 126] .
The analysis of the variational MCSCF wave functions clearly shows admixtures of valence and Rydberg characters in many states, either at the orbital level or at the CI level. Most transitions to Rydberg states are accordingly underestimated relative to experiment, while transition energies to valence excited states are overestimated (1 ~A 2, 13A 2, 1 3A l)-Only the valence 5 IA 1 state i(,rr,rr" ) is underestimated, but a careful inspection of the corresponding MCSCF wave function shows that the weight ef the valence configuration, although being the dominant CSF, is only 41% which suggests a dramatic coupling with diffuse states as already seen for the l~B~u state ~(~*) of ethylene: a decontracted perturbation scheme should be preferable to properly describe this state.
The Epstein-Nesbet partitions suffer the same limitations as those pointed out in the case of C 2 H 4, and will be discussed in Section 4.2.2. On the contrary, the MC/BMP partition of the Hamiltonian provides a remarkable spectrum for both the valence and the Rydberg states. The averaged deviation rela-five to the MCSCF series is 1.12 eV. This is about twice the value computed for the ethylene molecule. The discrepancies from experimental data vary from 0.00 to 0.40 eV for the largest of them. An exact value of the deviation is however difficult to obtain due to both the experimental band widths and the fact that many observed transitions are not necessary vertical so that structural effects and vibrational shifts are involved. However, the calculated root-meansquare deviation of the computed values from their experimental assignment is found to be, for the whole spectrum, less than 3000 cm-~ which corresponds to a CH stretching vibration. To our knowledge, there has been no report, whatever might have been the theoretical method used, of such a small deviation between theory and experiment when dealing with so many excited states together.
Within a few exceptions, all singlet states can be correlated to an observed experimental feature. Especially, the high density of states around 11.8 and 12.7 eV is compatible with the observation of unresolved broad peaks in the 11.6-11.9 and 12.5-12.8 eV spectral intervals [118] . Unfortunately, the lack of spectroscopic resolution makes any unambiguous one-to-one assignment impossible in these regions. The situation is more favorable at lower energies: up to about 11 eV, each calculated singlet state correlates unambiguously to a well-resolved experimental line, and the deviation from the experiment does not exceed 0.35 eV, which is the largest discrepancy observed, and that represents only a 3.5% error when reported to the corresponding transition energy. Moreover, this discrepancy is obtained for the valence-Rydberg mixed 5 IA~ l(~xr * ) state whose experimental feature appears to be very large. Compared to the calculations by Harding and Goddard [118] , the agreement between both methods is excellent. Each state reported by these authors is found in our calculations. In addition, we report some new singlet states of Rydberg character whose description has been made possible essentially because of the larger flexibility of both our MCSCF calculation and one-particle space (basis set including semi-diffuse orbitals that were not in Ref.
[118]). Our calculations provide a clear-cut assignment for the 41Al, 71Al, 21BI, 6tB2, 71B2, 81B2, 91B2, 4 IA 2, and 5 IA 2 states which were not reported previously. It is important to notice that most of these new states correlate to the recent experimental results obtained in the study by Brint and Sommer [120] which is devoted to the Rydberg series. It is worth to emphasize that all their lower terms of the ns (3 states), np (6 states) and nd (4 terms) series can be related to a calculated state. Getting a correct description of the higher terms of these series would however require the inclusion of a Rydberg orbital progression in the basis set [127] , as well as the consideration of f functions [ 120, 123] .
The same comments apply to the triplet states, although comparison to experiments is more difficult due to the lack of experimental determinations, even in the low energy region. However, as seen in Table  7 , the agreement with available data is excellent, and shows the same quality as for the singlet manifold. So is the correlation with the results by Harding and Goddard [l 1 S]. In the triplet manifold, as in the singlet one, the largest flexibility of the present method allows for more states to be found: as an example, we tentatively assign the 63B2 or the 43A2 state, missing in Ref. [118] , to a peak reported at 9.59 eV [128] .
The comparison to the results obtained using the CIS/MP2 approach [56, 126] leads to unquestionable conclusions: not only the CIS/MP2 method does not provide acceptable transition energies for the lowest valence and Rydberg states but it misses some of hhem and does not provide any good energetical ordering of the excited states. Even if this method presents interesting computational advantages, it can only provide an approximate electronic spectrum, as Notes to k The SPo --* ":r * transition was found to lie at 13.69 eV in our work. I [117] Table 6 and Table 8 report the com?uted MC/EEN and the MC/BEN transition energies and their discrepancies relative to the MC/BMP values. In order to refine the analysis performed in the case of the ethylene molecule, the deviations and the dispersions relative to the MC/BMP series of calculation have been evaluated according to each spin and spatial symmetry.
MC / EEN and MC / BEN transition energies
As for ethylene, all Epstein-Nesbet transition energies are overestimated relative to the M~ller-Plesset values. Moreover, the MC/BEN values are larger than the MC/EEN ones which was also observed in the case of C~ H 4.
The overestimation relative to the MC/BMP calculations that match the experimental spectrum is however unfortunately seen to be a function of the spatial symmetry. As shown in both Table 6 and times and result in a lost of chemical meaning for the zeroth-order MCSCF space, which runs counter the MC/P philosophy.
Vinylidene
As seen in the previous sections, the determination of the electronic spectra of two well-known small size molecules, ethylene and formaldehyde, provides a clear-cut illustration of the validity of the MC/BMP approach. The last part of this paper will apply this methodology to the predictive evaluation of the electronic transition energies of the carbenic vinylidene H 2CC.
Vinylidene, which was first observed in gas phase in 1983 [130] in its singlet ground state, is the lower-lying isomer of the acetylene molecule and has consequently been the subject of numerous studies, especially devoted to its isomerization process to acetylene [131] [132] [133] [134] [135] [136] . As the simplest unsaturated carbene [137, 138] , it has been supposed and demonstrated to be a short-lived intermediate in chemical or photochemical reactions [139] . Moreover, it is the first (dusive) term of the H2CC . cumulene series whose n = 2 and n = 3 terms have been identified in laboratory and in the interstellar medium a short time after [140] [141] [142] as the second and the third carbene molecules present in space, following the identification of cyclopropenylidene c-C3H 2 [ 143] .
To our knowledge, there are very little data available regarding H2CC excited states. On the experimental point of view, Ervin et al. [139] reported the observation of the X tA l, 1 3B 2 and 1 3A 2 states by applying photoelectron spectroscopy techniques to the negative species H2C 2. Apart from a very fine GVB-CI work [144] , no systematic study on the excited electronic states of vinylidene have been reported, although various studies are available that deal with the geometries and infrared signatures of the ground and those excited states that standard quantum chemistry techniques have been able to catch [139] .
Compared to ethylene and formaldehyde, vinylidene may be seen as an intermediate case: on the MC/P point of view, the variational treatment of 6 valence electrons is expected to give a well-balanced zeroth-order wave function while 2 and 8 electrons were to be considered for ethylene and formaldehyde. Since the MC/P approach succeeded for both these compounds, it is expected that the computed spectrum of vinylidene will be of equivalent accuracy.
Computational details
The geometry of the X IA l ground state of H2C 2 was optimized at the MP4/6-311 -I--I-G * * level of theory using the GAUSSIAN92 code [145] assuming C2v symmetry. The followin~ sL,,uctural parameters were obtained: CC = 1.313 A, CH= 1.091 A, and HCH = 119.72 °. This geometry is in agreement with those reported previously using different methods [139] . The molecule is supposed to lie in the yz plane; the z axis corresponds to the C 2 axis, as in Fig. l c. The MCSCF and the subsequent perturbations were done using the standard 6-31 + G * basis set [106] expanded by a set of spd Rydberg functions. Exponents of this additional Gaussians were 0.023 and 0.021 for the carbon atom. For the d functions, a common value of 0.015 was chosen for both heavy atoms. This basis set will be referred to as 6-31 +G*R.
5.1.i The active spaces for H2C z
The configuration spaces used in the calculation are presented in Tables 9-11 in which orbitals are distributed into several sets, and ordered by symmetry. As for H2CO, they are denoted in terms of localized orbitals in order to emphasize their "chemical" significance. Three different spaces were used at the MCSCF level of calculation, all of them freezing the O'CH skeleton in addition to the ls core orbitals. Tables 9 and 10 and Table 11 present the corresponding electronic distributions of the correlated electrons, with "R" standing for Rydberg orbitals or Rydberg states. The first space (Table 9) has 4 active electrons which correspond to the p and the SPc electrons in the ground state. All excitations involving these electrons in the (~ ~ * 2Pc SPc) set of orbitals are allowed, as well as those involving one excitation to the Rydberg set. Calculations based on this space will thereafter be referred to as MCSCFI and MC/BMPI calculations.
It has been known for a long time that the dipole moment of the X ~A ~ state of the vinylidene molecule is relatively high (2.23 D) while that of the 1 3B 2 state is by far smaller (0.55 D) [144] . Such a variation draws the attention to the possible role of the repolarization of the O'cc bond upon excitations. As a consequence, a second MCSCF space has been considered that can be seen as the product of the MCSCFI space by a GVB space accounting for such a repolarization effect (Table 10) and that furthermore accounts for the couplings between the O'cc and ~rcc dipoles, as in the case of formaldehyde. Such calculations are of essential interest for further applications to the H2(CC) n cumulene series since the need for the explicit inclusion of the O'cc skeleton in the zeroth-order space would dramatically increase the size of the (MCSCF2 and MC/BMP2) computations.
A third series of calculations (MCSCF3 and MC/BMP3) aimed to investigate the possible influence of a correlating orbital for the axial SPc lone pair. Table 11 shows the corresponding electronic distributions used to generate the CSFs. It is expected that this correlating orbital will have a less crucial role than in the formaldehyde molecule: more or less artificially, the empty 2Pc orbital can act as such a relaxation orbital which was not the case in H2CO where the 2Po corresponding orbital was doubly occupied. No correlation orbital was introduced to allow for the spatial relaxation of the 2Pc orbital, since it is found to be either empty or singly occupied in the excited states, at least for the lowest ones. 
Results and discussion
The results of the MCSCF and MC/P calculations are collected in Table 12 , together with the previous GVB/CI calculations by Davis et al. [144] . The only experimental results available for comparison are the adiabatic transition energies to the 1 3B 2 (2.06 eV) and the 13A2 (2.75 eV) states [139] . Following the previous discussion, Epstein-Nesbet MC/P calculations which give transition energies overestimated by at least 0.40 eV when compared to the MC/BMP calculations are not reported.
Inspection of Table 12 shows that there are no qualitative difference when going from the MCSCF1 space to the larger spaces 2 or 3: all report the same states with the same energetical ordering. The variations in the transition energies between the MCSCFI and MCSCF2 are relatively small and do not exceed 0.16 eV, which shows that the consideration of the polarization of the trcc bond is not essential at this level of calculation. Going from MCSCF2 to MC-SCF3 does not lead to any quantitative modifications of the previous results; we just remark a systematic decrease (by less than 0.25 eV) in the transition energies relative to MCSCFI and MCSCF2 calculations.
The situation is somewhat different when applying the M~iler-Plesset perturbation: as an example, the transition energy to the 2~B~ state is reduced by 0.50 eV when going from MC/BMPI to MC/BMP2 and by 0.20 eV going from MC/BMPI to MC/BMP3. The deviations between the MCSCF and MC/BMP calculations are found to be 0.40 eV for MCSCFI, 0.55 eV for MCSCF2 and 0.50 eV for MCSCF3: these values are comparable to those determined previously for the ethylene molecule. It can be seen that the MC/BMP3 calculations give transition energies in between those given at the MC/BMP1 and MC/BMP2 levels of theory. There are unfortunately too few experimental data to decide which of the calculations is the most accurate. However, it is our opinion that MC/BMP3 calculations are those of h,~gher quality since MCSCF3 is the parallel to the zeroth-order space retained for our best calculations on HECO. Besides, it is this space which provides results that matches the more closely the GVB/CI calculations [144] that also gave very accurate results for the formaldehyde system. The following discussion will therefore focus on the MC/BMP3 results. The first excited state of the vinylidene molecule is found to be of 3B 2 symmetry and is computed at 2.02 eV from the ground state. This state has been observed at 2.06 eV using photoelectron spectroscopy techniques applied to the anion H2C 2, and is computed at 1.99 eV at the GVB/CI level of theory: it corresponds to a single excitation from the axial lone pair to the non-bonding in-plane 2Pc orbital. A second triplet state is predicted at 2.80 eV (13A2): it is obtained by the excitation of a electron to the 2Pc orbital and has ben detected at 2.75 eV and computed at 3.15 eV by Davis et al. [144] . The third excited state is the singlet counterpart of the 1 aA 2 state: it is found to lie at 3.49 eV.
The singlet counterpart of the 13B E state lies at 4.58 eV and is the fourth excited state of the vinylidene molecule. Both these singlets have MC/BMP3 transition energies that closely match the GVB/CI values. The 1 3A l state, that corresponds to the "tr-~ * transition appears at 5.13 eV, about 0.70 eV higher than the corresponding transition energy for the ethylene, and 0.70 eV lower than the same transition in the formaldehyde molecule. The related i(xr ~ * ) state is not found in our calculations, which means that, either it lies higher in energy than 8.80 eV, or that it is so strongly mixed to some Rydberg and thus not well described using a contracted multi-reference perturbation scheme. The next valence states appear at 6.45 eV (11BI), 7.11 eV (2 IBl), 5.62 eV (1 aBI), 6.15 eV (2 aB I) and 8.32 eV (2 3B2). The IIB I and 2 3Bm states are described by a double excitation from both the ~ and the lone pair SPc orbitals to the in-plane 2Pc orbital. The 2 aB E has four open shells and one electron in each of the SPc, ~r, 7r * and 2Pc orbitals. The quintet state having this orbital occupancy lies at 5.91 eV according to the MC/BMP3 calculation, about 0A0 eV higher than the value computed using the GVB/CI. As was the case in the ethylene and formaldehyde molecules, the remaining excited states are of diffuse Rydberg character either of ~ or SPc type and they appear above 7.80 eV.
MCSCF and second-order perturbation treatments, to the calculation of electronic spectra and developed the philosophy and the flexibility of this approach. It has been shown possible to split zeroth-order complete valence spaces into a product of smaller MCSCF spaces (CASSCF, MCSCF, or GVB subspaces): the formal completeness of a valence CASSCF space has been switched into a "chemical completeness". The three examples reported (ethylene, formaldehyde and vinylidene) show that combining a well-designed averaged zeroth-order MC-SCF wave functions to a barycentric M~ller-Plesset partition of the electronic Hamiltonian provides accurate spectra that compare with experimental data within a few hundreds of cm -!. These results have been obtained using polarized double-zeta quality basis sets augmented by semi-diffuse and diffuse functions to account for Rydberg states. The limited dimension of such basis sets lets anticipate applications of the MC/P methodology to medium size systems without much computational trouble. Of essential interest for the study of such species is the choice of the zeroth-order MCSCF space tha" has to include only those non-dynamic correlation effects that are important for a proper description of the manifold of states considered; all remaining correlation effects (non-dynamic and dynamic) can be treated at the perturbation level.
The choice of the partition of the Hamiltonian used to perform the perturbation is of critical importance: it was found that Epstein-Nesbet partitions give transition energies that are systematically shifted relative to the experimental and MC/BMP values. As seen in the cases of ethylene and formaldehyde, this shift is unfortunately not transferable from one molecule to another, and is furthermore a function of the spatial symmetry of the excited states. This rules out any simple extrapolation on the computed MC/EN transition energies to have them as accurate as the MC/BMP values.
